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Abstract 



In this paper we deal with an invariant ergodic hyperbolic measure /i for a 
diffeomorphism /, assuming that / it is either C^~^" or / is and the Oseledec 
C/^ . splitting of /i is dominated. We show that this system (/, fi) satisfies a weaker and 

Q I non-uniform version of specification, related with notions studied in several recent 

^ ; papers, including [201 EH [13 ESI ESI [S] ■ 

■ Our main results have several consequences: as corollaries, we are able to improve 
the results about quantitative Poincare recurrence, removing the assumption of the 
non-uniform specification property in the main Theorem of [20] that establishes an 

pv^j ' inequality between Lyapunov exponents and local recurrence properties. Another 

■ consequence is the fact that any of such measure is the weak limit of averages 
of Dirac measures at periodic points, as in |2T]. Following [27] and [19], one can 



, show that the topological pressure can be calculated by considering the convenient 

weighted sums on periodic points, whenever the dynamics is positive expansive and 
every measure with pressure close to the topological pressure is hyperbolic. 



1 Introduction 



'• In seminal works, Bowen [21 |3] and Sigmund [21] introduced in the 1970's the notion 

of specification and used this to show many ergodic properties for dynamical systems 
satisfying this property, including subshifts of finite type and sofic subshifts, the restriction 
of an axiom A diffeomorphism to its non wandering set, expanding differentiable maps, 
and geodesic flows on manifolds with negative curvature. Before continue, let us recall 
the definition of the uniform specification property (SP) as defined by Bowen in [2]. 
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We say that / : X — )■ X has the specification property (SP) if given ^ > there exists 
Kg eN such that for all x E X, there exists p e N such that the dynamical ball 

n 

Bl{x,e):= fl r'{B{f\x),9)) 

k=—m 

contains a periodic point with period p < n + m + Kg. 

While the specification property usually holds in symbolic dynamics, often in a trivial 
way, it is a strong hypothesis for dynamical systems. A very interesting result shows that 
for continuous / : [0, 1] — )■ [0, 1], specification holds if and only if / is topologically mixing 
(see [1]). On the other hand, it is known that for /9-shifts, specification occurs rarely: it 
is verified only on a set of (3 of Lebesgue measure zero (see [5]). 

For maps that do not have specification, several weaker versions were introduced 
in the literature along the last decade. From the best of our knowledge, the first weaker 
version was introduced by Marcus at [H] , to show that periodic measures are weakly dense 
for every ergodic toral automorphism, extending a previous work of Sigmund that proved 
the same for hyperbolic toral automorphisms. For the non-uniformly hyperbolic case, 
several versions of non-uniform specification, including [TJ [TTl [T21 [22], were introduced 
and had been used to show many ergodic properties. 

Saussol, Troubetzkoy and Vaienti in [20] also introduced another non-uniform speci- 
fication property and showed that every hyperbolic ergodic measure having non-uniform 
specification property satisfies an inequality between Lyapunov exponents and local re- 
currence rates. This notion is defined using slow varying functions that appear in the 
Pesin's Theory, i.e., functions q that satisfy q{f^^{x)) < e^q{x) for every x G M. Let us 
define the non-uniform specification precisely. 

Definition 1.1. Let fi be an invariant measure of f , we say that {f,fi) satisfies non- 
uniform specification property (NS), if for fi almost every x, any small rj > 0, any 
Tj— slowing varying positive function q, any integers m, n, and any 6 > there exists 
K := K{ri, 9, x, m, n) such that: 
(i) the non-uniform dynamical hall 

Blix^O) := nl^__J-'B{f\x)M{f\x))-') 

contains a periodic point with period p < n -\- m -\- K; 
(a) the dependence of K on m, n satisfies 

K{r],e,x,m,n) 
hm limsup = U. 

rj^Om.n^+oo m + n 

In words: pieces of orbits with length n are shadowed by periodic orbits whose period 
is less than n plus a sub linear term with respect to n. 
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A natural question arises: whether this non-uniform specification property is vahd 
for non-uniformly hyperbohc systems? 

In [12], the first author had proved that every expanding ergodic measure for maps 
with non-fiat critical set, i.e., a strongly mixing measure with positive exponents, has 
this non-uniform specification property. In this paper, we give a positive answer for 
hyperbolic ergodic measures to show that every hyperbolic ergodic measure naturally has 
the non-uniform specification property of [20] and thus we can remove the assumption of 
non-uniform specification property in the main theorem of [2D] to establish an inequality 
between Lyapunov exponents and local recurrence properties and some other corollaries. 
Now we state our main results. 

Theorem 1.2. Let f be a C^'^" {a > 0) diffeomorphism. Then, every f ergodic hyperbolic 
measure fi satisfies NS. 

Remark 1.3. In particular, if /i is a mixing hyperbolic measure, then we have a stronger 
version of the non-uniform specification property: for any p > n + m + K, the non-uniform 
dynamical ball Bl^{x, 6) contains a periodic point with period p. 

Remark 1.4. Note that if the function g(-) = 1, then the non-uniform dynamical ball 
Bl^{x,9,q) is the general well-known dynamical ball 6*). So, in the conclusion 

of non-uniform specification property we can replace non-uniform dynamical balls by 
dynamical balls and rj can be omitted. 

Given x G M and r > 0, denote the first return time of a ball B{x,r) radius r at x 

by 

t{B{x, r)) := min{A; > | f{B{x, r)) n B{x, r) ^ 0}. 

Then we can obtain a corollary as follows by using Theorem 11.21 and the main Theorem 
in 



Corollary 1.5. Let f be a {a > 0) diffeomorphism. Then for every f ergodic 
hyperbolic measure fi, one has for fi a.e. x E M, 

TiB{x,r)) ^ 1 1 

iimsup < -— , 

r^o -logr A„ As 

where A^, are the minimal positive Lyapunov exponent and maximal negative Lyapunov 
exponent of fi, respectively. 

Remark 1.6. From the main Theorem in [20], if h^{f) > 0, then for /x a.e. x G M, 

r^o -logr A„ As 

where A^, Ag are the maximal positive Lyapunov exponent and minimal negative Lya- 
punov exponent of n, respectively. Therefore, using our Corollary 11.51 we can get that if 
M is two dimensional and h^{f) > 0, then for G M, 

, T(B(x,r)) 1111 
lim = - T- = -; ^• 

r->o -logr A„ As A„ As 
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We observe that the specification property that we just discussed before has many 
similar different forms, as it is presented by [27]. Let us discuss a slightly generalization 
of the non-uniform specification above, that we call generalized non-uniform specification 
property with respect to several orbit segments (being a generalization of NS introduced 
in Definition II. ip . 

Definition 1.7. (Generalized Non-uniform Specification GNS) We say that fi has the 
generalized non-uniform specification property if for n almost every x, any small rj > 0, 
any t]— slowing varying function q (that is, q{f^^{x)) < e'^q{x)), any integer m, n, and 
any 6 > there exists K := K{r], 6, x, m, n) satisfying 

K{ri,e,x,m,n) 
hm lim sup = U 

v^Om,n^+oD m + n 

and so that the following holds: given points Xi,X2, ■ ■ ■ ,Xk in a full ^-measure set and 
positive integers mi, ■ ■ ■ , m^, rii, ■ ■ ■ , ra^, there is Pi> with 

k k 

, Xj, Tfli^ Til ) 

i=l i=l 

(^in particular if fi is mixing, for any t > Yl'i=i ^{v^ ^) ^i? ^j) there is Pi with Yli=i Pi — 
t) and a periodic point z with period p = X]j=i(^i + "^i + Pj) such that 

z G BZixuO) := n]L_^J-^B{f^{x,),eqif^ix,))-') 

and for 2 < i < k, 

/E-lK+P.HEj..-.(^) g := n]L-^^J-^ B{f^ ix.),eqif^ (x.))-'). 

One natural question that arises from Theorem 11.21 above is 

Question 1.8. Let f he a difjeomorphism. Every f ergodic hyperbolic measure fi 
satisfies GNS? 

In particular, if q{x) = 1, the required result in Question 11.81 is obviously valid 
for uniformly hyperbolic systems [2T], since it can be deduced from classical (uniform) 
specification property [21] for dynamical balls. Moreover, K{6, x, m, n) can be chosen 
only dependent on 9 from [2T]. 

Here we show that the answer for the Question 11.81 is positive, either if / is C^"*"" or 
if / is with dominated Oseledec splitting. 

Theorem 1.9. Let f he a C^^" (a > 0) diffeomorphism. Then every f ergodic hyperbolic 
measure /i satisfies GNS. 
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Remark 1.10. In particular, if q{x) = 1, we also have a generalization of Remark 11.41 for 
the general well-known dynamical ball B^{x,9). I.e., in the conclusion of GNS we can 
replace non-uniform dynamical balls by dynamical balls and t] can be omitted. 

At the end of this section, we point out that the above results are also valid for 
non-uniformly hyperbolic systems with dominated splitting which is based on a recent 
result of |24]. Before that we recall the notion of dominated splitting. Let A be an 
/—invariant set and T^M = £" © F be a Z)/— invariant splitting on A. T^^M = E ® F is 
called (S'o, A)-dominated on A (or simply dominated), if there exist two constants 5*0 G Z+ 
and A > such that 

^log "f^2r^l ^ -2A, Vx G A, 5 > So. 
S m[Dt^\F(x)) 

Theorem 1.11. Let f he a diffeomorphism. Then every ergodic hyperbolic measure 
11 in whose Oseledec splitting the stable bundle dominates the unstable bundle on supp{fi) 
satisfies GNS. 

2 Pesin theory 

In this section we give a quick review concerning some notions and results of C^^" Pesin 
theory. We point the reader to [HI [IDl [IB] for more details. Let / : M — )■ M be a C^"*"" 
diffeomorphism. We recall the concept of Pesin set and recall Katok's shadowing lemma 
in this section. 

2.1 Pesin set 

Given X, fi e > 0, and for all k e Z+, we define = Afc(A, /i; e) to be all points x E M 
for which there is a splitting T^M = E^(B with invariant property D^f^^E^) = -E^m^, 
and DJ^'iE^) = EJ^^ satisfying: 

(a) p/"^-,^ II < e^*=e-(^-^)'"e^f™l, Vm G Z, n > 1; 

(b) \\Df-''\E-^J < e^k^-{p~e)n^e\m\^ Vm G Z, U > I] 

(c) tan(Z(E^™^,E;™J) > e-"^e-^l"^l, Vm G Z. 

We set A = A(A, yu; e) = IJaS and call A a Pesin set. 

According to Oseledec Theorem p!7]. every ergodic hyperbolic measure /z has s (s < 
d = dimM) nonzero Lyapunov exponents 

Ai < ■ ■ ■ < Ar. < < A^+i < ■ ■ ■ <\s 

with associated Oseledec splitting 

T^M = El® - ■ - QEl, xeOiiJ,), 
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where we recall that 0{fi) denotes an Oseledec basin of /i. If we denote by A the absolute 
value of the largest negative Lyapunov exponent and /i the smallest positive Lyapunov 
exponent A^+i, then for any < e < min{A, /i}, one has /i full-measure Pesin set A = 
A(A, fi] e) (see, for example, Proposition 4.2 in [E]). And for any point x G 0(/i) fl A, 
and E!^ coincide with E^. ® ■ ■ ■ ® E^ and E^+^ ® ■ ■ ■ ® E^ respectively. 

The following statements are elementary properties of Pesin blocks(see [18]): 

(a) Ai C A2 C A3 C . . .; 

(b) f{Ak) C Afc+i, /-i(Afc) C Afc+i; 

(c) Afc is compact for V A; > 1; 

(d) for V /c > 1 the splitting x ^ E^ ® E^ depends continuously on a; G Ayt. 
2.2 Shadowing lemma 

We recall Katok's shadowing lemma [T5] in this subsection. Let {5k)^^i be a sequence of 
positive real numbers. Let {xn)t,=-oo be a sequence of points in A = A(A,/i, e) for which 
there exists a sequence {sn)n=-oo of positive integers satisfying: 

(a) Xn G As„, Vn G Z; 

(b) I Sn - Sn-l |< 1, G Z; 

(c) d{fXn,Xn+i) < G Z; 

then we call (xn)^^^^ a (5^)^^ pseudo-orbit. Given 6* > 0, a point x G M is an r- 
shadowing point for the (5^)^^ pseudo-orbit if < tSs^, Vn G Z, where 

Sk = eoe~^^ and Eq is a constant only dependent on the system of /. 

Lemma 2.1. (Shadowing lemma) Let f : M ^ M be a C^"*"" diffeomorphism, with a 
non-empty Pesin set A = A{X,fi]e) and fixed parameters, X, fi ^ e > 0. For Vr > 
there exists a sequence (5fc)^^ such that for any {6k)k^i pseudo-orbit there exists a unique 
T-shadowing point. 

3 Recurrence Times 

In this section we always assume that / : X — )■ X is a homeomorphism on a compact 
metric space, /z is an invariant measure and F is an subset of X with positive measure for 
fi. For a; G F, define 

• • ■ < t_2(a;) < t-i(x) < to{x) = < ti{x) < t2{x) < ■ ■■ 
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to be the all times such that G F (called recurrence times). By Poincare Recurrence 

Theorem, the sequence above is well-defined at fi a.e. x e F. Note that 

In general, we call ti to be the first recurrence time. An increasing sequence of natural 
numbers {iVj}j>i is called nonlacunary, if limj_j._|_oo ^^^^ = 1- For recurrence times, we 
have a basic proposition of their nonlacunary as follows. 

Proposition 3.1. For /i a.e x G F, 



In particular, 



y tj+ijx) ti_i{x) 
lim — -— = 1 ana lim — — — = 1. 

;->+oo ti{x) i^-oo ti[x) 



i,j^+oo ti{x) — t-j{x) 

Proof It can be proved by using Borel-Cantelli lemma and Kac Lemma( See [16], 
Proposition 3.8). Here we give another direct proof of the first equality which only depends 
on Birkhoff Ergodic Theorem. The proof of the remain equalities are similar. 

By Birkhoff Ergodic Theorem, for any subset A C M, the limit function 

^ n— 1 

X*a{x)-= lim -y]xA(/-'(a;)) 

n— )-+oo n 

j=0 

exists for /x a.e. x and /—invariant. Moreover, J x^(x)(i/i = / XA{x)dfi = fi{A). 

If A := F, we claim that for /x a.e. x G F, Xr(^) > (this is a basic fact of recurrence 
and we will give the proof below). Then, by the definition of ti{x), for a.e x G F, 

^ U{x)-1 

■^^^ 7TT = . I™ 7TT Xrifix)) = xU^) > 0. 

j-5>+oo tj X h{x)~^+oo ti(x) 

Thus, for /i a.e X G F, 

ti+i{x) ti+i{x) i + 1 i 1 */ A 1 

lim — -— = lim ■ ■ —— = — — ■ 1 ■ Yr(x) = 1. 

i^+oo ti[x) i^+cx, i + 1 i ti[x) xf(^) 

Now we start to prove the claim. If yU is ergodic, it is obvious since xf(^) = 
/ Xr{x)dfi = yu(F) > holds for a.e. point x. For the general invariant case, we prove 
by contradiction. Assume that the set Fi := {x G F | Xri^) — 0} /i positive measure. 
Consider A := Fi, then Xri(^) exists for a.e. x and / Xp^(x)(iyU = J xri{x)dfi = fi{Ti) > 
0. Thus there exists x G Unez /"(^i) ^^ch that xfi(^) > 0; since by definition xfi(^) = 
for all X G (Unez /'^(ri))'^- Recall that xfi(^) /-invariant and thus if we let |/ G Fi such 
that f^iy) = X for some integer m, then Xriiv) = Xriif~"^i^)) = Xril^^) > 0- Note that 
Fi C F implies xrA') < Xr(-) and thus Xr, {-) ^ xU')- So 

x*Ay)>xKiy)>^- 

This contradicts the choice of Fi since ?/ G Fi. □ 
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Remark 3.2. We emphasize the main used technique in Proposition 13.11 that for an in- 
creasing sequence of integers {A^i}j>i, one sufficient condition to get nonlacunary is that 
hmj_5.+oo > 0. Thus this can also be used to characterize the nonlacunary of hyperbolic 
times [T5] instead of using Borel-Cantelli lemma. 

Remark 3.3. We point out another equivalent statement of Proposition 13.11 That is, x 
satisfies limj_).+oo ^^^j^ = 1 -v^ for any e > 0, there exists large integer N{x) such that for 
all n > N[x), there is t G [n, n+ne) such that t = ti{x) for some i. The proof of this relation 
is trivial but the technique of the later version is also useful and has been essentially used 
in the proof to establish an (in)equality between metric entropy of hyperbolic ergodic 
measure and the number of hyperbolic periodic points in HI US]. One main technique 
used in in [TOl HI [13] is that, the recurrence time varies so slowly (linearly) that if the 
cardinality of a sequence of sets(for example, separated sets) is growing exponentially, 
then there exists a new sequence composed of their subsets such that the cardinality still 
grows exponentially and in every subset the recurrence times are same for all points. 



4 Proof of Theorem 1.2: NS 



Set Ayfc = supp{fi\Aj and A = U^j^A^. Clearly, /^-"^(A/j) C A^+i, and the sub-bundles 
E^{x), E^{x) depend continuously on x G A^. Moreover, A is /—invariant with /x-full 
measure. Let C A^ be the set of all points of x satisfying that 

(i) recurrence times of x are well defined for the set F := Ajt and 

(n) hm ^mMll^zZzlM = 1. (4.1) 

jj^+oo ti[x) — t_j[x) 

By Poincare Recurrence Theorem and Proposition 13.11 /i(Afc) = /i(Afc) and thus Ufc>iAfc 
is also a subset of M with full measure. So we only need to prove that for every fixed A^ 
with positive measure, all points in A^ satisfy the conditions of non-uniform specification 
property. Take and fix a point x G A^. 

Recall e to be the number that appeared in the definition of Pesin set. Let < r/ < e/2 
and q be an 77— slowing varying positive function, 6 > Q and let m, n be two positive 
integers. Let r = ^'^ ^^^'^ > 0. By Lemma 12.11 for this r there exists a sequence {Sk)~^=i 
such that for any (5^)^^ pseudo-orbit there exists a unique r-shadowing point. 

Take and fix for A^. a finite cover = {Vi, V2, ■ ■ ■ , K-^.} by nonempty open balls Vi 
in M such that diam([/j) < 6k+i and fi{Ui) > where f/j = ViHAk, i = 1, 2, ■ ■ ■ , r^. This 
is obtained from the definition of A^. By Birkhoff ergodic theorem and the ergodicity of 
fi we have 



^ n— 1 

lim -V/i(/-'^(f/,)n[/,) = /i(f/,)Mf/,)>0. (4.2) 

— >-+oo 77, ' 



h=0 

Then one can take 



Xij := mm{h eN\h>l, fi{r^iUi) H Uj) > 0} 
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By (BSD, 1 < Xij < +00. Let 



Mfc = max Xij. 



Note that is a positive integer dependent on k,6 and the 77— slowing varying positive 
function q, but independent of m, n. So 

Mk Mk , 
— , — ^ (4.3) 

m n 

as m, n — 00 respectively. 

Now we start to find the needed shadowing periodic orbit. Take positive integers /i 
and I2 such that 

< -m < t_;^+i and ti^ > n > ti^_i, (4.4) 
and take positive integers si and S2 such that 

2r] 2r] 

t-h-si < (IH )t^h < t-h-s^+i and tz^+^j > (H )^/2 > ^Z2+^2-i- (4-5) 

e e 

Since Z*-'!-"! (x), /*'2+s2(a;) g A^, we can take f/j and f/j such that 

By (|421), there exist y e Uj and < N < Mk such that /^(y) G f/^. 

Recall the property of Pesin blocks that f^^i^Ak) C A^+i. Thus, if n G A^, then 
f{u) G Afc+|,|, Vi G Z. Note that 

/*-'i-i(x),x,/*'2+=Ka;),l/,/'^(y) G A, C Afc 

and 
So 

(X) G Afc, /*-'l--i+i(x) G Afc+l, ■ ■ ■ /*-'i-i+'(x) G Arnm{fc+i,fc+«i+si-i}, 
■ ■ ■ ! / "'"(^) G Afc_|_i, S G Afc, /(x) G Afc+i, ■ ■ ■ , f\x) G Amm{fc+j,A;+i2+S2-i}? 
. . . , /*'2+=2-i(x) G Afc+i,y G Afc, ■ ■ ■ , f "^(y) G Arain{k+i,k+N-i}, " " " , /^"^(y) G Afe+i. 

Repeat the above sequence of points infinitely many times and thus we get a {6k)k=i 
pseudo-orbit. Then there exists a unique r-shadowing point z. Note that /*'2+s2~*-'i-n+^(2;) 
is also a r-shadowing point. So 

Fiz) = z 

where p = ^(2+^2 - ^-h-si + ^• 

Now we start to verify the conditions of non-uniform specification property for the 
above chosen shadowing point z. Define K := K{rj,6,x,m,n) = ti^+s2 ~ t-h~s^ + — 
m — n. Clearly we have p < m + n + K since < Mk, and thus for the first condition of 
NS we only need to show 

z G B::,{x,9) := rXl=_^rB{f{x),9q{f{x))-'). 
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Firstly, we consider < i < ti^ — l and calculate d{f\x), Pi^z)). More precisely, r— shadowing 
implies that 

d{f\x)j\z)) 

< max{Tei,Teti^^^^^^ti^} (note that i < ti^ and Ek is a decreasing sequence) 
= max{reoe~*^, r£oe"^*'2+'2~*'2)'^} 

< max{reoe"*^,r£oe"^*'2''} (using 

< max{reoe~^*''', reoe"^*''} (using 2r] < e and i < tja) 
= TCoe-^*" 

= 9q^'^{x)e~'^^^ (by the choice of r) 

< ^g(f (a;))"' (using qifix)) < q{x)e'^). 

Secondly we can follow the similar method to show that for t^i^ + 1 < < 0, 

dU\x)J\z))<eqU\x))-\ 

Notice that t^i^ < —m and n < and thus z G B^{x, 6). 
At the end we prove the second condition of NS: 

K{r],e,x,m,n) 
hm hmsup = (J. 

In fact, by using (gl]), ([43]), (jl3D and (g^]), we have 
K(ri,9,x,m,n) 

lim sup 



m,n— >+oo 



) 


m + n 








m + n 


^«2H 


hS2 ^-'l— Si 



< hm sup ; h hm sup 1 

< lim sup "-^^ + 0-1 (using g2D, (O) 

m,ra->+oo ^^2-1 ~ t-h + l 
1. / ^i2+S2 ^— 'i-si '^^2+52 — 1 ~ ^-ii— si+1 ^-h \ 1 

= hmsup( ■ • ) — 1 

= ii^snp^±±£lzl^hhzfl±l-i (using glD) 

m,n— >-+oo t—li 

< 1 + ^ - 1 = ^ (using gSD). 
Letting r/ — )■ 0, one has 

K{r],e,x,m,n) 
hm hmsup = 0. 

r;->Om,n^+oo m + n 

So we complete the proof. □ 
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Remark 4.1. In particular, if yU is a mixing hyperbolic measure, we can replace inequality 

lim fxif-'^m n U,) = /i(f/.)/x(t/,) > 0. (4.6) 
Then by fl4.6p we can take a finite integer 

Xij = max{n E N \ n > 1, /i(/""(f/i) n Uj) = 0} + 1. 

Let 

Mfc = max Xij. 

Then for any > Mk there exist y G Uj such that f^{y) G f/j. So we can follow the above 
proof and then the non-uniform specification can be stronger: for any p > n + m + K, 
the non-uniform dynamical ball B^{x,6) contains a periodic point with period p. 



5 Proof of Theorem [TS GNS 



In this section we prove Theorem 11.91 Before, we show two propositions as follows. 

Proposition 5.1. Let f be a C^^"' {a > 0) diffeomorphism. Then for any small < a < 
1, there is a subset A* with //(A* ) > 1 — a such that for every x G A* , any small rj > 0, 
any 9^, > and any integer m, n, there exists K := K{ri,9^:,x,m,n) satisfying 

K{ri,e^,x,m,n) 
lim lim sup = U 

and so that the following holds: given points a;i,X2,--- , in A* and positive integers 
mi, • • • , mfc, ni, ■ ■ ■ , n^, there are numbers > (1 < i < A;) with 

k k 

^P*i < y^J<{r],9*,Xi,mi,ni) 

i=l i=l 

(in particular if fi is mixing, for any t > Yli=i "^i) there is p^i with Yli=i P*i ~ 

t ) and there exists a periodic point with period p^ = X]j=i(^j + + P*j) such that 

and for 2 < i < k, 

This property is also valid for one side case. 

Proof The proof is a generalization of that of Theorem 11.21 Recall e to be the 
number that appeared in the definition of Pesin set. Recall A^^ to be the set introduced 
in the proof of Theorem 11.21 and note that if k^ is large then the measure of A^^ is close 



11 



to 1. Let A;* be large enough such that A^, satisfies yu(AjtJ > 1 — a. We will prove this 
Afc^ is the required A*. 

Let r = 1^ > 0. By Lemma [HT] there exists a sequence (5^)^^ such that for any 
{)k=i pseudo-orbit there exists a unique r-shadowing point. 

Let X G Afc,, < 7] < e/2 and m, n be two positive integers. Note that 5k, dependent 
on r = ^ and A^,, but independent of x. This is different to the one in the proof of 
Theorem 11.21 Let K{rj,6:^,x,m,n) be the number defined as in the proof of Theorem 
11.21 (Note that the choices of /i, Si and I2, S2 only depends on A^^, x, m, n, and the choice 
of Mk, only depends on (5fc.+i and thus K(r],9^,x,m,n) only depends A^, and r = |^). 
So this K{ri,9^,,x,m,n) also satisfies 

K{ri,e^,x,m,n) 
hm hmsup = (J. 

V^Om,n^+oo 171 + 71 

Re-denote the li, Si and I2, S2 with respect to x in the proof of Theorem 1 1.2 1 by li{x), Si{x) 
and ^2(2;), S2{x). 

Given points xi, X2, ■ ■ ■ ,Xk in A^, and positive integers mi, ■ ■ ■ , rrik, ni, ■ ■ ■ , Uk, sim- 
ilar as the proof of Theorem II. 2[ we can take 

with 0< Ni< Mk, such that 

where x^+i = Xi. Note that 

Similar as the proof of Theorem 11.21 by shadowing lemma there is a periodic point 
with period = Y.'j=ii^h{xj)+S2ixj) - th{x,)+si{x,) + Nj) such that 

G n';i.^J-^B{f{x,),Te,e-^\^\^) = n%^^,r B{f {xi),e.e-'\^\^) 

and for 2 < 2 < fc, 

Let p^i = ti2{x,)+s2{x,) -rii + Ni- - m+i where m^+i = nii and thus 

E!=iP« = E!=i(^«2(x,)+s2(^-.) - + Ni-rui- rii) < Y!l=iK{r],e^,Xi,mi,ni). 

Then the periodic point z^ satisfies that its period is p^ = X]^=i(% + + P*j)y 

z.en]L_^J'^B{f{xi),e,e-'\^\^) 

and for 2 < i < fc, 

yEj=lK+P.j)+Ej=2"^i(^;2^.) = J^J=i(*'2(^j)+=2(^i)+^j)"Ej=2*Il(xj)+si(3;j)^_2^'J 

en]L^^J-^B{p{x,),e,e-'\^\^). □ 
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Proposition 5.2. Let f be a C^^" {a > 0) diff'eomorphism. Then for any small < 
a < 1, any small t] > 0, any rj— slowing varying positive function q (that is, < 
e^qi^x) ) and any 6 > there is a subset with /i(Ao-) > 1 — a such that for every x G 
any integer m, n, there exists := K^,{ri,9,x,m,n) satisfying 

K^{r],e,x,m,n) 
lim lim sup = U 

v^Om,n^+oD m + n 

and so that the following holds: given points Xi,X2,--- ,Xk in A„ and positive integers 
mi, ■ ■ ■ , nik, ni, ■ ■ ■ , n^, there is p^i > with 

k k 

i=l i=l 

(in particular if ^ is mixing, for any t > Yli=i ^*{v^ ^) "^i; there is p^i with Y^\^iP*i = 
t ) and a periodic point with period p^ = Yl'j=ii^j + "^j + P*j) such that 

G KlM.^e) := n%.mJ-'Birix,),eq{f^{x,)r') 

and for 2 < i < k, 

;E-l(n,+p.,)+E}..-,^^^) e B::Sx,,9) := n]L.rrJ-' Bif\x.),9qif\x.))-'). 
This property is also valid for one side case. 

Proof Recall e to be the number that appeared in the definition of Pesin set. Let 
< T] < e/2 and q be an 77— slowing varying positive function. Recall At to be the set 
introduced in the proof of Proposition 15.11 for |. Let 6'^, > be small enough such that 

we can take A^. C At with /i(Ao-) > I — a and every point x G A^. satisfies 9q~'^(x) > 9^. 

2 

Let x G Ao- C At , m, n be two positive integers. Let K{ri, 9^, x, m, n) be the number 
as in Proposition 15.11 then if we can take K^:{ri,9,x,m,n) := K{ri,9^,x,m,n) and thus 
this -ft'*(?7, 9, X, m, n) also satisfies 

,. K^{r],9,x,m,n) 
hm limsup = U. 

Re-denote the li, Si and I2, S2 with respect to x in the proof of Theorem 1 1.2 1 by li{x), Si{x) 
and hix), S2{x). 

Given points xi,X2, - ■ ■ , Xfc in A^- C At and positive integers mi, ■ ■ ■ , m^, ni, - ■ ■ ,nk, 
2 

by Proposition 15.11 there is p*j > with 

k k 

y^P« < ^K{r],9^,Xi,mi,ni) 

1=1 i=l 

(in particular if fi is mixing, for any t > Yli=i ^iv^ 6'*, Xj, mj, nj) there is with Yl'i=i P*i — 
t) and there is a periodic point z^ with period p^ = Yl^=ii^j + + P*j)y 

z.en%_^J-^BU^{x,),9.e-^\^\^) 
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and for 2 < i < k, 
Since G Ao-, then 9q~'^(xi) > 9^. Using q{f^{xi)) < e^^^^q{xi), we have 

<^^T=-mJ~'BUK^i)M-\r{^i))) 

and similarly for 2 < i < k, 

/ErJK+f..)+E}..-.(^^) e n;'^_^^/-^s(f (x.), ^g-'(f (x.))). 

Now we start to prove Theorem 11.91 

Proof of Theorem 11.91 We use Proposition 15.21 to give a proof. Let A^r be a fixed 
positive /i-measure set from Proposition 15. 2[ Note that Uj>o/'' (Ao-) is a full /i-measure set 
by the ergodicity of /i. We consider x G Uj>Qf^{A„). Clearly we can take a finite (and 
fixed) number t(x) > 0(which can be chosen the first time) such that x G /''■^•'(Ao-) and 
thus f~^^^\x) G Ao-. Let K^{r],6, f~^^^\x),m,n + t{x)) be the number as in Proposition 
15.21 and define 

K{r], 6, X, m, n) : = K,{r], e, r*(")(x), m, n + t{x)) + t{x). 
Then K{ri, 6, x, m, n) satisfies 

r r K{r],e,x,m,n) 
lim hm sup 

»7^o^_„^+oo m + n 

= lim lim sup K4,Af-'''H^).n^M)) + t(.)^^^ 

m,n+t{x)--,+oo 171 + 71 + t{x) 

Given xi, - ■ ■ , G Uj>oP (Ao-) and positive integers mi, m2, ■ ■ ■ , ruk, ni, - ■ ■ , large 
enough, we consider points /"^'•^^•'(xi), • ■ ■ , /~*'-^*^(xfc) G A^- and positive integers 

mi, ma, ■ ■ ■ , m^, Ui + t{xi), ■ ■ ■ , + t(xfc). 



by Proposition 15.21 there is p^:i > with 

k k 

^P*i < ^K^{v,OJ-^^^'\xi),mi,ni + t{xi)) 

1=1 i=l 

(in particular if fi is mixing, for any t > Y2'^^^K^{ri,9, f~^^^'\xi),mi,ni + t(xj)) there is 
p^i with X]i=i P*i = ^) ^i^d a periodic point with period 

= ^("^j + -n-j + t{xj) + p^j) 
i=i 
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such that 

and for 2 < i < A;, 

Let Pi = p*i + t{xi+i), p — p* where x^+i = xi, then 

k k k 

^Pi < ^K^{r],ej-*^'''\xi),mi,ni + t{xi)) + ^t{xi+i) 

1=1 1=1 i=l 

i=l 

Let ;2 = f^^'^^z^), then ;2 is the needed periodic point. More precisely, 

and similarly for 2 < i < fc, we have 

yE}=lK+Pj)+E}=2'»j = yE}=lK+Pi)+Ei=2™i+*(^i)(^^) 

_ jt(xi) Q jE5=lK+*fe)+p«3)+E}=2"i3(^2;*) 

= /*(-^) n;i^_if rB{r-'^^^\x,),9q{r-'^^^\x,))-') 

= n;i_„^_,(,^)/-^s(/^(xi), e?(/^(xi))-^) c B^^i^ix,, 0). □ 

Remark 5.3. From the above discussion, in fact one also has a precise description of 

P*i < K^iv, ^> Xi, IT-) + K*{'n, ^, Xi+l, it) 

and then 

Pi < K{r], 9, Xi, m, n) + K{r], 9, Xi+i, m, n). 
In other words, p*i,Pi only depends on the point and next point Xj+i. 
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6 Proof of Theorem 



1.11 



To prove Theorem 11.111 we need the exponentially shadowing lemma in [21] (C^ Pesin 
theory). Before that we introduce some notions. Given x G M and n G N, let 

{x, n} := {f\x) I j = 0, 1, ■ ■ ■ , n}. 

In other words, {x, n} represents the orbit segment from x to /"(x) with length n. For 
a sequence of points {xi}^^^ in M and a sequence of positive integers {^ij^oc 
call {xi, Ui}^^^ a (5-pseudo-orbit, if d^f^-^i^Xi), Xj+i) < S for all i. Given e > and 
r > 0, we call a point a; G M an (exponentially) (r, £:)-shadowing point for a pseudo-orbit 

V j = 0, 1, 2, ■ ■ ■ , rij and V i G Z, where Cj is defined as 

{0, for i = 

E;=on„ for^>0 (6.7) 
-Eji^-i' fori<0. 

Lemma 6.1. Let us assume same conditions as in Theorem \l.ll\ Then for each a > 0, 
there exist a compact set K„ C M , ^o- > and T^. G N such that fi{A„) > 1 — a and follow- 
ing (Exponentially) Shadowing Lemma holds. For V r > 0, there exists 6 = 6{a, r) > 
such that if a 5 -pseudo -orbit {xj, ni\f^^ satisfies Ui > and Xi,f'^^{xi) G A^- for all 
i, then there exists an (exponentially) {T,e a) -shadowing point x G M for {xi,ni}f^^. If 
further {xj,nj}^oo ^■^ periodic, i.e., there exists an integer m > such that Xi^m = Xi 
and nj+m = for all i, then the shadowing point x can he chosen to he periodic. 

Proof of Theorem 11.111 Here we point out that the result of Lemma 16.11 is weaker 
than the statements of Katok's shadowing lemma since it holds only for the pseudo-orbit 
whose beginning and ending points in the same Pesin block. However, Lemma 16.11 is 
enough to prove Theorem II. IH since it also can deduce all propositions in Section 5. 
In other words, every ergodic measure of a homeomorphism with the property stated as 
in Lemma 16.11 has (generalized) non-uniform specification. Here we only give a proof of 
non-uniform specification(Definition [Lli) . 

Since the given hyperbolic measure /i is ergodic, the number e^. in Lemma can be 
chosen independent on a from Remark 1.4 in [21] and thus we can take a fixed number e. 
In other word, for each cr > 0, there exist a compact set A^- C M and T^- G N such that 
yu(Ao-) > 1 — o" and (Exponentially) Shadowing Lemma holds as in Lemma [6.11 for Sa- = e. 

Set Ao- = supp{fi\\^) and A = Uayo^a- Clearly, A is of //-full measure. Let C A^- 
be the set of all points whose recurrence times are well defined for F = A^. and satisfy 

hm ^!±iMll%iM = 1. (6.8) 

i,j-s>+oo ti[x)—t^j[x) 
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By Poincare Recurrence Theorem and Proposition 13. 1[ l^i^a) = /^(Ao-) and thus Uo->oAo- 
is a set with full measure. So we only need to prove that for every fixed A^. with positive 
measure, all points in A^. satisfy the conditions of non-uniform specification property. 
Take and fix a point x G Ao-. 

Let < 1] < e/2 and q be an r;— slowing varying positive function, ^ > and let 
m, n be two positive integers. We may assume that m,n> To- (Otherwise, consider m' = 
m + To-, n' = n + T„). Let r = 9q~^{x) > 0. Then for this r there exists S = 6{t, a) > 
satisfying Lemma [6.11 

Take and fix for A„ a finite cover = {Vi, V2, ■ ■ ■ , K^} by nonempty open balls Vi 
in M such that diam(f/j) < 6 and fi{Ui) > where Ui = ViH A„, i = 1, 2, ■ ■ ■ , r^. Since 
/X is /— ergodic, by Birkhoff ergodic theorem we have 



n— 1 

lim -y^fi{f-\U,)nU,) = fi{U,)fi{U,)>0. (6.9) 



h=0 

Then take 



Xij = mm{h eN\h>T„, ^{r^{U,) n Uj) > 0}. 
By ^M), To < < +00. Let 

Mcr = max Xij. 

Note that is dependent on cr, 9 and the 77— slowing varying positive function q, but 
independent of m, n. So 

^, ^ (6.10) 

m n 

as m, n — )■ 00 respectively. 

Take positive integers Zi and I2 such that 

< -m < and ti^ > n > ti^^i. (6.11) 

Take positive integers Si and S2 such that 

2r] 2r] 

t-h-si < (IH )t-h < t-h-si+i and ti^+s2 > (H )^«2 > th+s2-i- (6-12) 

Take := -^'(t], 0, x, m, n) = U^+g.^ — t_i^_s-^ + M„ — m — n. The calculation of 

K{ri,e,x,m,n) 
hm hmsup = U 

V-^Om,n^+oo 171 + 71 

is similar as in the proof of Theorem 11.21 by using (16. lip , (I6.10p , (16. 8 p and (I6.12p . We 
omit the details. 

Since Z*-'!-"! (x), /*'2+s2 (x) e we can take Ui and Uj such that 
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By O, there exist y G Uj and T„<N<M^ such that f^{y) G Ui. 
Note that 

and 

d{f^^+^^{x),y) < 6, d{f-^^-n{x),f{y)) < 6. 
So if we repeat the orbit segments of 

{/*-'i-i(a;),-t_i,_,J, {x,ti^+s2}, {y,N} 

infinite times, then we get a periodic 6 pseudo-orbit. Then by Lemma [6.11 there exists a 
periodic point z with period p = ti^+s2 ~ ^~h-si + ^ such that 

V j = 0, 1, 2, ■ ■ ■ , ti^+s2 and 

d{r{x), r{z)) < T ■ e-™"{-J.-*-'i-i+J>, 

Vj = t_z,_,,, ■■■ , -2, -1, 0. 

Now we start to verify the conditions of non-uniform specification property. Clearly 
we have p < m + n + K since N < , and thus we only need to show 

z G Bl{x,d) := n-^^J-^B{f\x),eq{f\x))-'). 

Firstly, we consider Q < i < U,^ — 1 and calculate c/(/*(x), f\z)). More precisely, 

d{f{x),f{z)) 

< max{re~*^, re"^*'2+s2-*)^} 

< max{re~*^, re~^*'2+''2-*'2)'^} (using i < t^J 

< max{re"'^re-^*'2'?} fusing (KWf ) 



< max{re ^*'',re ^*''} (using 2t] < e and i < t, 



= 9q ^(x)e (by the choice of r) 

< Oqif{x)r' (using g(f (x)) < g(x)e^''). 

Secondly we can follow the similar method to show that for t_i-^ + 1 < ^ < 0, 

d{r{x),f{z))<eq{r{x)r'. 

Notice that < —m and n < ti^ and thus z G Bl^{x, 6). □ 
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Remark 6.2. From the proofs of Theorem 1 1 . 1 1 1 and Theorem 11.21 we point out that for an 
invariant measure of a homeomorphism / : X — )■ X on a compact metric space, a sufficient 
condition of non- uniform specification for fi is that: There exists e > such that for any 
cr > 0, there is a subset To- with yU positive measure larger than 1 — cr such that for any 
r > and any integer m, n, if x, /"(x) G T„ there exists L := L{a,T,x,m,n) 

such that: 

(i) there exists a periodic point z with period p < m + n + L such that 

(^)) <r.e-"'-^^'"-^>, 

V j = 0, 1, 2, ■ ■ ■ , n and 

Vj = -m, ■■■,-2,-1,0; 

(ii) the dependence of L on m, n satisfies 

L{a,T,x,m,n) 
iimsup = U. 

m,n— >+oo ~l~ ^ 

In particular, exponentially shadowing is such a sufficient condition. Note that from the 
proofs of Theorem 11.111 and Theorem 11.21 L is the number or independent of 
m, n. We can also give a similar sufficient condition with several orbit segments for gener- 
alized non-uniform specification(we omit the details). There are also some other related 
papers [261 El El IH El] that exponential shadowing plays important roles. Exponential 
closing (which is the particular exponential shadowing for one pseudo orbit segment) has 
played crucial roles in [261 El E] to prove that Lyapunov exponents of ergodic measures 
can be approximated by ones of periodic measures and it has also been used in [H [211 E] 
to calculate Holder functions or Holder cocycles to get some convergence properties for 
proving corresponding Livsic Theorem. 
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